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Prerequisites

» Familiarity with the R programming language
» Rough understanding of Bayesian statistics and Likelihoods
» Exposure to JAGS and related MCMC packages



Why State Space Models?



Why State Space Models?

» The models that we use for physical processes are not perfect

Rogue waves, long thought to be sailor folklore, have been verified and have caused scientists to reconsider their
theory behind waves
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Why State Space Models?

» Ability to make inference on unobserved processes
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Temperature is a common variable used as a proxy for Mosquito life traits
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Why State Space Models?

» Physical processes are often non-linear and/or non-Gaussian

Exponential Growth Logistic Growth

Carrying capacity

Population size
Population size

Time Time

Population growth is an example of a physical process that is typically non-linear and/or non-Gaussian
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What is a State Space Model?



What is a State Space Model?

» Broadly speaking, a state space model is when we have a
process x whose value at the current time point only depends
on where it was at the last timepoint

> Xt~ Xp—1



What is a State Space Model?

» Broadly speaking, a state space model is when we have a
process x whose value at the current time point only depends
on where it was at the last timepoint

> Xp ™~ Xe—1
> X is not observed, instead we observe y which is related to x

> Y~ Xt
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What is a State Space Model?

» Broadly speaking, a state space model is when we have a
process x whose value at the current time point only depends
on where it was at the last timepoint

> Xp ™~ Xe—1

» x is not observed, instead we observe y which is related to x
> Vi~ X

» yi.7 are independent of one another conditional on x.1
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What is a State Space Model?



What is a State Space Model?

In general, state space models will have the form:
Xt = f'(Xt_]_’e)
ve = g(x[©)
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What is a State Space Model?

In general, state space models will have the form:
Xt = f(Xt_1|@)
ye = 8(xt|©)

> f(x¢|xt—1,0©) is called the evolution function
» g(yt|xt,©) is called the observation density function



What is a State Space Model?

In general, state space models will have the form:
Xt = f(Xt_]_’@)
Yt = g(xt\@)
f(x¢|xt—1,©) is called the evolution function

>
> 2(ye|xt, ©) is called the observation density function
» O are the additional parameters that are used in f(-) and g(+)
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What is a State Space Model?

In general, state space models will have the form:

Xt — f(Xt_1|@)

ye = g(x[©)
f(x¢|xe—1,©) is called the evolution function
g(yt|xt, ©) is called the observation density function

© are the additional parameters that are used in f(-) and g(-)
() and g(+) are both stochastic

vV vyyVvyywy
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llustration

fCealx, 0 f(xalx2 6) fCxalxs 6)

X1 X2 X3 Xg
8(r11x1,0) 8(r2lx2,0) 8(y3lx3,0) 8(yalxe, 6)




What Can We Use SSMs For7
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Let's consider the following example, and identify the corresponding
O, f(xt|xt—1,0), and g(y:|xt, ©).

Xt = Xt—1 + €proc

Yt = Xt + €obs

€proc ~ N(0, ¢), €obs ~ N(0, 7)



State Space Models: Example 1

Let's consider the following example, and identify the corresponding
O, f(x¢|xt—1,0), and g(y|xt, ©).
Xt = Xt—1 + €proc
Yt = Xt + €obs
€proc ~ N(0,9), €ops ~ N(0,7)
» O ={¢,7}



State Space Models: Example 1

Let's consider the following example, and identify the corresponding
O, f(x¢|xt—1,©), and g(y|xt, ©).

Xt = Xt—1 + €proc

Yt = Xt + €ops

€proc ~ N(0,0), €ops ~ N(0,T)

» O = {(bv’r}
> F(xe|xt_1,0) ~ N(p* = xe_1,¢* = ¢)
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State Space Models: Example 1

Let's consider the following example, and identify the corresponding
O, f(xt|xt—1,0), and g(yt|xt, ©).
Xt = Xt—1 + €proc
Yt = Xt + €obs
€proc ~ N(0,9), €obs ~ N(0,7)
> ©={¢,7}
> F(Xe|xe—1,0) ~ N(p* = x¢—1, 0" = ¢)
> 8(ytlxt,©) ~ N(u* = x¢, 9" = 7)
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State Space Models: Example 1

Let's consider the following example, and identify the corresponding
O, f(xt|xt—1,0), and g(y|xt, ©).
Xt = Xt—1 + €proc
Yt = Xt + €ops
€proc ™~ N(07 ¢)a €obs ™~ N(Oa T)
©={¢,7}
f(xe|xe—1,0) ~ N(u* = x¢—1, 9" = §)
g(ye|xe, ©) ~ N(p* = x¢, ¢* = 7)
This is a special case of the State Space Model called a Linear

Gaussian State Space model, or Normal Dynamic Linear model
(NDLM)

vvyVvYyywy
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State Space Models: Example 1

N =x1, 6" = ¢) N =x,¢" = ¢) N = x3,¢" = ¢)

X1 X2 X3 Xy
N =x1, ¢"=1) N =x3 ¢ =17) N(u" = x3, ¢" = 1) N(u™ = x4 ¢° =1)




State Space Models: Example 1

— Latent States
+  Observations

Time
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State Space Models: Example 2

Let's consider the following example, and identify the corresponding
O, f(xt|xt—1,0), and g(y:|xt, ©).

X Xt—

X = f2 Ly 251 +tXt;_1 + 8cos(1.2t) + €proc
= X—tz + €

Ye = 20 obs

€proc ™~ N(O: ¢)= €obs ™ N(O, 7')



State Space Models: Example 2

Let's consider the following example, and identify the corresponding
97 f(Xt’Xt—la 6)7 and g()/t’Xt, e)
Xt—1
= 25
Xt 2 + 1+ th_l

2
Xt

Y = 20
€proc ™~ N(O, ¢)a €obs ™~ N(OvT)

> @:{(va}

Xt—1

+ 8cos(1.2t) + €proc

+ €obs
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State Space Models: Example 2

Let's consider the following example, and identify the corresponding
@, f(Xt’Xt—la e)? and g(yt’Xta e)

X = th_l + 251 j_t;él + 8cos(1.2t) + €proc
Xt
Ye =15 + €obs
€proc ~ N(0,9), €obs ~ N(0, )
» 0= {d)aT}
> (xe|xe—1,0) ~ N(p* = 252 + 2514);;_:21_1 +8cos(1.2t), ¢* = ¢)
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State Space Models: Example 2

Let's consider the following example, and identify the corresponding
O, f(x¢|xt—1,©), and g(y¢|xt, ©).

X = sz‘l + 25 f)‘él +8¢os(1.2t) + €proc
x¢
Y = % + €obs
€proc ™~ N(Oa¢)a€obs ~ N(077—)
» ©={o,7}
> F(xe|xe—1,0) ~ N(p* = %52 4+ 2525 4 8cos(1.2t), ¢* = ¢)

1—i—><t271
> g(yt‘vae)NN(M* 20a¢*_7—)
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State Space Models: Example 2

Let's consider the following example, and identify the corresponding
©, f(xt|xt—1,©), and g(yt[xt, ©).

Xp = th_l + 251 +t ; + 8cos(1.2t) + €proc
= ng +€
Yt = 20 obs
€proc ™~ N(07¢)760b5 ~ N(07T)
| 4 @ = {(Z)j’]‘}
> F(xexe—1,0) ~ N(p* = 252 + 2513:?1_1 +8cos(1.2t), ¢* = ¢)
> g()/t‘xt, ) N(M _20’¢*_7—)

This is an example of a Gaussian State Space model. It differs
from Example 1 because it is not linear (why?)

v
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State Space Models: Example 2

N = *;’Jr 25—+ cos(1.2), N(u = Z+25 % + cos(24),

xP+1 X341 xZ+1

=9 *=¢) »'=¢)

e . |

X3 Xy

N(u™ = 2425 32 + cos(3.6),

O R ) N =%, g7 = N =3, 9= e X )




State Space Models: Example 2

— Latent States
+  Observations
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State Space Models: Example 3

Let's consider the following example, and identify the corresponding
o, f(xtlxt—17 e)v and g(.yt|xt7 e)
2 2

* Xt—]_ . * ao
x¢ ~ (o = o2 + sin(abx), 5% = Xt—l)
x2 br?

Yt (a bT2’ﬁ Xt )



State Space Models: Example 3

Let's consider the following example, and identify the corresponding
O, f(xt|xt—1,0), and g(y:|xt, ©).

2 2

X2 ao
x¢ ~ (o = t 1

ac

)

Xt—1

b2
~T(a* = , B8 =
Yt ( b2/8 t)

» O ={a,0% b,7%}



State Space Models: Example 3

Let's consider the following example, and identify the corresponding

@, f(Xt’Xt_]_, @), and g(yt’xt; @)
2
in(abx), B = -2

aa2 Xp_1

., br?
.nyr( bT27/8 Xt )

2

)

Xt ~ r(a

» ©=1{a,0% b, 7%}
> f(Xt|Xt_17@) ~ r(Oé*

in(abx), 8* = 2%)
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State Space Models: Example 3

Let's consider the following example, and identify the corresponding

@, f(Xt’th]_, @), and g(yt’xt; @)

2 30'2

x¢ ~ (o = a02 (abx), " = Xt—l)
b2
~ (o = -
Yt ( bT2”6 Xt )

» ©=1{a,0% b, 7%}
X2
> Flxelxe1,0) ~ Fa* = 4 4 sin(ab), 5* = 222)

> g()/t‘xta@)” r(Oé* = br 255* = T )
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State Space Models: Example 3

Let's consider the following example, and identify the corresponding
O, f(xt|xt—1,©), and g(yz[x, ©).

2 2
X Xt—l . * ao
x¢ ~ M(a* = P + sin(abx), 8" = o
x2 br?
~T(af =L g = —
e (a b7'27 Xt )
» ©={a,0% b, 7%}
. * 2
> f(xt|x¢—1,0) ~ (a* = (abx),,@’ = 2)
> g(yelxt,0) ~T(a” = 72,6* =)
» This is an example of a Non- //near non-Gaussian State Space
model
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State Space Models: Example 3

x} x3 x3
= sizn(abxl) ) - 2 sizn(abxz). I(a" = s si2n(rsz3) .
aag’ ao «_ 307,
D ‘ r) P
Xy X2 X3 Xy




State Space Models: Example 3

Latent States
+  Observations
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Time
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» In the 3 examples where we looked at potential structures for
state space models, we've seen that they can handle basically
anything



So What’s the Catch?

> In the 3 examples where we looked at potential structures for
state space models, we've seen that they can handle basically
anything

» Powerful, flexible methods like these often come with
drawbacks, so what are they?
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So What’s the Catch?

» In the 3 examples where we looked at potential structures for
state space models, we've seen that they can handle basically
anything

» Powerful, flexible methods like these often come with
drawbacks, so what are they?

» Latent states are parameters that themselves need to be
estimated
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So What’s the Catch?

» In the 3 examples where we looked at potential structures for
state space models, we've seen that they can handle basically
anything

» Powerful, flexible methods like these often come with
drawbacks, so what are they?

» Latent states are parameters that themselves need to be
estimated

» Imagine a simple time series regression with 10 data points and
1 parameter to be estimated
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So What’s the Catch?

> In the 3 examples where we looked at potential structures for
state space models, we've seen that they can handle basically
anything

» Powerful, flexible methods like these often come with
drawbacks, so what are they?

» Latent states are parameters that themselves need to be
estimated

» Imagine a simple time series regression with 10 data points and
1 parameter to be estimated

» If we fit this as a state space model, suddenly we are estimating
11 parameters
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So What’s the Catch?

> In the 3 examples where we looked at potential structures for
state space models, we've seen that they can handle basically
anything
» Powerful, flexible methods like these often come with
drawbacks, so what are they?
» Latent states are parameters that themselves need to be
estimated
» Imagine a simple time series regression with 10 data points and
1 parameter to be estimated
» If we fit this as a state space model, suddenly we are estimating

11 parameters
» This leads to increased computation times
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So What’s the Catch?

> In the 3 examples where we looked at potential structures for
state space models, we've seen that they can handle basically
anything
» Powerful, flexible methods like these often come with
drawbacks, so what are they?
» Latent states are parameters that themselves need to be
estimated
» Imagine a simple time series regression with 10 data points and
1 parameter to be estimated
» If we fit this as a state space model, suddenly we are estimating

11 parameters
» This leads to increased computation times

v

g(xt|xe—1,©) and f(y¢|x¢, ©) need to be specified
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So What’s the Catch?

> In the 3 examples where we looked at potential structures for
state space models, we've seen that they can handle basically
anything

» Powerful, flexible methods like these often come with
drawbacks, so what are they?

» Latent states are parameters that themselves need to be
estimated

» Imagine a simple time series regression with 10 data points and
1 parameter to be estimated

» If we fit this as a state space model, suddenly we are estimating
11 parameters

» This leads to increased computation times

> g(x¢|xe—1,©) and f(y¢|x¢, ©) need to be specified

» Though not all parameters in © need to be known, we need to
know the form of the distribution for the evolution and

observation density functions
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